Based on the linear wave theory, the mild-slope equation (MSE) is a preferable mathematical model to simulate the wave propagation nearshore. On the basis of developed self-adaptive finite element model, an interative method is used to determine the wave direction angle to the boundary and to improve the treatment of the boundary conditions. Thus a numerical model to solve MSE is developed in this paper. The numerical results of the waves into rectangular domains and multidirectional waves through a breakwater gap show that the developed numerical model is effective to the totally wave absorption at the absorbing boundaries and can be used to simulate the multidirectional wave propagation.
Introduction
The wave propagation nearshore combines the wave refraction, diffraction and reflection and is a complex process. Accurately simulating the wave propagation is very important for determining the design waves for coastal engineering problem. Among the several linear theories, the mild slope equation (MSE) derived by Berkhoff(1976) provides a steady-state solution for linear regular waves in a wide range of water depths and is still one of the most effective mathematical models available describe the combined wave effects. Some efforts have been made to extend the application range of the equations by the inclusion of a dissipation factor that takes the bottom friction or/and wave breaking. Typical references can be referred to Chen(1986) , Kostense et al.(1986) or Battjes and Janssen(1978) and Dally et al.(1985) . Detailed review on the work on MSE can be referred to Dingemans(1997) .
Because numerical models are powerful tools to assist in estimating the wave properties in harbours or wave shoaling. Many numerical models based on the MSE had been established, e.g. Bettess and Zienkiewicz(1977) and Hurdel et al.(1989) using the finite element method and Panchang et al.(1991) using the finite difference method. Panchang et al. (1991) gave a quite detailed review of the numerical solution of the mild-slope equation. Compared with other numerical modeling approaches, the models based on the mild-slope equation are relatively fast and straightforward. Irregular wave effects can be estimated by a linear superposition of regular wave solutions.
However, for a finite element numerical model, the first thing is to generate a appropriate grid system. For a fixed problem, the number of the elements directly determines calculation time and capacity of the model. To get comparatively accurate and economic grid system, a self-adaptive preconditioning numerical model using finite element method with triangle elements is developed in this paper. In the model, just the coarse elements which can represents the properties of the boundary and topography are given and the elements can be refined according to the local water depth and wave length based on the inputted wave frequency.
On the other hand, the treatment of the boundary is very important for a effective numerical model. Berkhoff(1976) pointed out that a coastal boundary condition for this elliptic partial differential equation contains two parameters, a reflection coefficient and a phase shift. The reflection coefficient represents a ratio of the amplitude of waves that approach a coast to the amplitude of waves reflected away from a coast. The reflection coefficient has a large effect on the wave field at locations near a coast. The phase shift occurs between approaching and reflected waves at the coastal boundary. However, Isaacson (1991) pointed out that the phase shift has not big effects on the simulated wave field, thus it can be typically assumed to be zero. In addition, one of the factors affecting the treatment of boundaries is the wave direction angle between the incident wave to the boundary and the normal vector of the boundary. Because this angle is unknown a priori, it is usually assumed to be zero. However it had been demonstrated by Behrendt(1985) that this angle has a definite effect on the treatment of the boundary condition. The bigger is the angle, the greater is the effect of the undesired reflections from the boundary. Behrendt(1985) had also shown that of all the absorption-reflection conditions, the total absorption condition is the one that is most affected by the angle. To take into account the effects of the angle on the simulated waves, Isaacson and Qu(1990) suggested that an iterative method can be used to deal with the unknown angle. But until recent, Steward and Panchang(2000) and Beltrami et al.(2001) presented detailed iterative method. This paper uses an iterative method to evaluate the wave angel and introduces the effects of the wave angel on the simulated wave field into the self-adaptive finite element model, and thus a proper numerical model which is fit to any kinds of bathymetry and complex boundary conditions is developed. The numerical model was verified by the simulation of some typical domains and the comparison of the numerical results of multidirectional wave propagation into a breakwater gap and corresponding experimental data.
Description of the Self-adaptive FEM Model

2-1 Governing Equations
The mild-slope equation for harmonic waves derived by Berkhoff（1976）was used in the model, i.e., 
in which h is the water depth, k the wave number, C the phase velocity and C g the group velocity.
2-2 Boundary Conditions
Appropriate boundary conditions should be specified for the numerical modeling of the wave propagation. In general, the following conditions should be treated in the model even though the following examples are just associated with the absorbing and reflective boundaries.
(1) Fully or partially reflective boundary Fully or partially reflective boundary can be expressed as
in which α=α 1 +iα 2 is complex constant and related to the complex reflection coefficient of the boundary. The complex reflection coefficient is
where ε is the phase difference between the incident and reflected waves, and R is the wave reflection coefficient. R=1 means the fully reflective boundary and R=0
represents the totally absorptive boundary. α is related to ρ by the following equation, i.e., 
in which δ is the angle between the approaching waves to the boundary and the normal of the boundary. As described above, because the phase difference ε has no big effect on the waves, so ε can be taken as 0 and then the boundary condition becomes δ α cos 1
It is evident that when R=1, i.e., fully reflective boundary, Eq.(6) becomes the simple form, i.e.,
This condition is a kind of ideal condition. Generally, most of the breakwater with very small penetrability can be regarded as rigid wall and fully reflective boundary.
(2) Connection boundary
If the breakwater is transperent and waves can partially propagate through the breakwater, the boundary can be called connection boundary. In this case, the velocity across the breakwater can be assumed to be proportional to the difference of water surface height at both sides of breakwater. So the condition can be expressed as
in which β is coefficient which is related to the type of the breakwater, φ n and φ ω are the velocity potentials inside and outside the breakwater, respectively. ( )
It can be seen that for all the three kinds of boundary conditions described above, the following unified form can be written as
where P, Q and φ 0 are known parameters which can be determined from Eqs. (4), (10) or (12) for different kinds of boundary conditions.
2-3 FEM Formulation
The standard Galerkin method can be used to get the integration formulation of Eq.
(1) in one element, i.e., 
where nd is the element vertex number. In this paper, the unstructured triangle elements are used, so nd=3. Assuming W=N m , the following finite element equation in matrix form can be obtained from Eq. (14). 
After integration and assembling of the element matrices, the global complex linear system matrix equation can be obtained.
For general coastal engineering problems, the coefficient matrix [M] has a large band with width and most of elements are zero. To reduce the computer storage, only the non-zero elements are stored. The bi-conjugate gradient method (Howard et al., 1990 ) was used to solve the system matrix equation in this paper.
2-4 The Coarse Original Elements and Adaptive Refinement Method (1) The determination of the original triangle grids
Firstly, the original grids are compartmentalized according to the shape of the computed domain, the variation of the water depth. The division of grids should be not only suitable to the basic requirement of the shape of finite elements, but also should stick to the regulations as (a) The water depth along the three edges of any element is linearly changed; (b) The elements can fully represent the shape of various boundary conditions.
(2) Refinement of the grids
If τ represents the group of the harmonious triangle element(a element which only has common borders or vertices with its intersectant neighbor is harmonious element, otherwise, it is called unharmonious one) and τ 0 ∈τ is the group of triangle ingredients needed to be refined, the refinement of the elements can be processed following the steps below.
(a) For the first triangle τ 0 ∈τ, the midpoint of the longest edge of the triangle is used to divide the element. The connection of the midpoint and its corresponding vertex generate two triangle elements and one unharmonious edge. The unharmonious edge is recorded.
(b) From the second triangle element, every element of τ 0 ∈τ should be searched and checked. The edges of the elements are judged that if they are unharmonious edges. There are three situations to be treated. First, if there is no harmonious edges in one triangle element as shown in Fig.1(a) or the longest-edge is unharmonious edge as shown in Fig.1(b) , then the element can be refined according to the longest edges as shown in Fig.1 (a) or (b); Second, there is one unharmonious edge, but it is not the longest edge as AC shown in Fig.1(c) , the element can be divided into four elements using the midpoints of the three edges (see Fig.1(c) ); The third, if two or three edges are unharmonious edges as AB and AC shown in Fig.1(d) , it is the same that the triangle is divided into four similar triangles by connecting the midpoints of the edges. (See Fig. 2(d) ). So all the elements τ should be checked again. Before the searching process, set τ 0 be empty first. In the process of searching all the elements, if just one unharmonious edge belong to one element and the length of the edge is the longest in the element, the element can be refined by connecting the midpoint of the edge and its corresponding vertex as shown in Fig.1(b) . Otherwise or if there are two or three unharmonious edges in one element, just record the element into τ 0 .
(d) Check τ 0 . If it is not empty, step (b) is repeated.
(e) If there are still unharmonious edges, they must be on the boundaries. The edges can be treated according to the known boundary conditions and the boundary points can be stored.
(3) The pre-conditioning of the self-adaptive FEM
To get extract numerical results by solving the mid-slope equations, enough grid or condensed elements are needed. For example, there should be generally more than 8-10 grid points in one wavelength when the wave refraction and diffraction in terms of mild slope equation are calculated. So after a linear coarse triangle elements (only represents the shape of the domain and the topography) are given, the elements should be checked using following steps if they meet the grid density requirement. First, the average wave length for a element can be calculated by the wave lengths at the three vertices, which can be obtained using the local water depth and the known wave period. At the same time, the longest edge of the element can be easily found. So the average length and the longest edges can be used to determine that the After the refinement process for a given coarse elements, the obtained unstructured triangle elements are not only identical to the calculation requirements, but also dependent on the wave frequency and local water depth. Different wave frequency waves can use grid elements with different density. So they can be very effective for irregular waves. Fig.2 is a typical example to show the refinement of the grid system. Fig.2(a) is the inputted coarse elements (including the water depth at every nodes). After the process of the refinement described above, the condensed grid system as shown in Fig.2(b) can be obtained. The wave period used in this example is T=3.0s. The criterion for the control of the density of the element is 8 grid points in one wave length.
2-5 The Formula to Solve the Wave Direction Angle and the Iteration Procedure
As described above, the incident angle to the boundary is unknown a priori. To consider the effect of the angle on the waves near the boundary, referred to Fig.3, on the boundary, the potential φ can be expressed using the boundary coordinates (x n , x s ), i.e., 
in which A is the amplitude. So the partially reflective boundary can be expressed as
Using the Euler formula, the derivatives of φ can be written as
where φ is the modulus value of the potential φ. S=S(x, y)=Arg(φ) is the phase function of the complex potential φ. It is evident that the following equations can be derived from Eq.s (22), (23) and (24) 
On the boundary, the following equation can be obtained by multiplying the above equations with the vector of the wave direction angle. To obtain the wave direction angle δ, the following iteration procedure should be introduced in the model. First the initial values of δ are assumed as δ I =0 (i.e., the initial value means that the waves propagate perpendicularly to the boundary) and are substituted into Eqs.(6), (7) and (4). The MSE is solved and the potential φ 0 and the phase function S 0 can be obtained. So the direction angle δ 0 corresponding to the initial values is gotten. Second, using the obtained values of δ 0 , φ 1 , S 1 and δ 1 can be calculated with the same process. Last, the process is repeated until the convergence criteria are reached. The criterion between two iteration process can be defined as 
Verification of the Numerical Model
As described above, of all the absorption-reflection conditions, the total absorption condition is the one that is most affected by the wave direction angle to the boundaries. So in the following examples, the total absorption boundaries except the fully reflective boundaries are mainly concerned.
To verify the effectiveness of the developed numerical model and the effects of the incident wave direction angle on the absorption boundary, the waves propagating obliquely into a square domain are numerically simulated. The length of the domain is 100m, the water depth h=0.5m and the wave period T=3s. The top and right boundaries are absorptive boundaries and the bottom boundary is reflective boundary. The incident wave directions are θ 0 ＝45 0 and 60 0 , respectively. The number of triangle elements used in this example is 65536. In addition, to understand the effects of the wave direction angle to the absorbing boundaries on the calculated results, the numerical calculations are conducted considering and un-considering the wave direction angle, respectively. Fig.4 is the numerically calculated diffraction coefficients in the domain. Theoretically, the diffraction coefficient in the area open to the incident waves should be 1.0. Fig.4 shows that if the wave direction angle to the absorbing boundaries is considered, the calculated diffraction coefficients are basically around 1.0 and the distribution of the diffraction coefficient is more uniform. But if the wave direction angle to the boundaries is not considered, reflections from the absorbing boundaries obviously occur. To verify the numerical model further, a rectangular domain with a oblique absorbing boundary as shown in Fig.5 is simulated for wave transformation. The waves are incident from the left boundary. The top and bottom boundaries are reflective boundaries and the right oblique boundary is totally absorptive boundary. It is evident that the wave direction angle to the right absorbing boundary is 45 0 . In the calculation, the water depth h=5m, T=3s. The number of the elements is 98304. Fig.6 gives the diffraction coefficient distributions at three sections of Y=10m, 50m and 90m with the wave direction angle δ considered and un-considered. It is obvious that if the waves can be totally absorbed at the right boundary, the diffraction coefficient in the domain should be 1.0. Fig.6 shows that the numerical calculated diffraction coefficients at the three sections are basically identical to the theoretical values. But It is evident that the results with the wave direction angle to the absorbing waves considered are much more accurate that that with the wave The diffraction coefficient distribution at three sections direction angle to the absorbing boundaries un-considered. Especially, at the area close to the absorbing boundary, the error of the calculated diffraction coefficients with the wave direction angle to the absorbing boundaries considered are generally smaller than 5%, but the biggest errors with the wave direction angle to the absorbing boundaries un-considered are sometimes up to 20% to30%.
To show the effectiveness of the model for complex domains, the multidirectional wave diffraction through a gap of breakwater is numerically simulated and compared with the associated experimental data of Yu (Yu et al. 2000) . Fig.7 is the computational domain. The front boundaries of the breakwater are taken as fully absorbing boundaries. But the breakwater heads are vertical semi-circular and fully reflective. The thickness of the breakwater is 0.35m. The case of the breakwater gap width B=3.92m in the physical model tests is selected in this paper. In the computation, the number of refined elements is 70126.
For multi-directional irregular sea waves, the directional wave spectrum ) , ( θ f S can be expressed as the product of the frequency spectrum S(f) and directional spreading function G(f, θ), i.e.,
The directional spreading function G(f, θ) satisfies the following two conditions where H 1/3 and T p are the significant wave height and peak period, respectively. The Mitsuyasu-type spreading function (Goda (1985) ) is used in the following computation, i.e.,
where θ 0 is the main wave direction.
In the computation, the incident significant wave height H 1/3 =0.05m, the peak respectively. Refereed to Wu(1995) , N f =10 and N θ =21 are used for the simulation of directional waves in this paper. 
Conclusions
In this paper, a pre-conditioned self-adaptive finite element model with the wave direction angle to the boundaries considered for solving the mild-slope equations is described. In this model, the grid system can be refined according to the local wave length (dependent on the local water depth) and the wave frequency. In addition, the wave direction angle to the related boundaries, which is unknown a priori has a definite effect on the simulated wave field. An iterative procedure for determining the angle is described and used in this model. To verify the developed numerical model, it is applied to simulate the wave diffraction in simple rectangular domains and through a breakwater gap. The numerical results show that the developed numerical model can effectively simulate the wave transformation. The numerical results considering the wave direction angle to the boundaries are much more accurate than that un-considering the angle.
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